We discuss the properties and interpretation of a discrete sequence of a static spherically symmetric solutions of the Yang-Mills-dilaton theory. This sequence is parametrized by the number n of zeros of a component of the gauge field potential. It is demonstrated that solutions with odd n posses all the properties of the sphaleron. It is shown that there are normalizable fermion zero modes in the background of these solutions. The question of instability is critically analysed.
Introduction
A discrete sequence of static finite energy solutions of a Yang-Mills-dilaton (YMD) theory was found recently [1] (see also [2] ). These solutions can be labeled by the number of zeros of the gauge function and have the same nature as the BartnikMcKinnon (BMK) solutions [3] of the coupled Einstein-Yang-Mills (EYM) equations. On the other hand both the BMK solutions and the solutions of the YMD theory are related to usual electroweak sphaleron [4] , [5] , [6] , [7] .
The sphaleron solution was found in ref. [4] and later was interpreted [5] , [6] as a solution, which lies on the top of the energy barrier separating topologically different vacua [8] . Creation and subsequent decay of the sphaleron leads to the fermion number non-conservation [9] related to the existence of the Adler-Bell-Jackiw (ABJ) anomaly [10] . This fermion number non-conservation has natural interpretation in terms of the phenomenon of fermion level crossing (see e.g., [11] and ref. therein) in the background of a topologically nontrivial gauge field. The observation is that a fermion zero mode occurs, when the gauge field passes the sphaleron configuration.
The solutions of YMD theory with an odd number of zeros of the gauge function carry all the main properties of the sphaleron, namely: (i) they have finite energy (ii) they are saddle points of the action functional (iii) they have fractional topological charge (iv) there are fermion zero modes in background of these solutions. Therefore it is natural to interpret them as a dilatonic sphalerons.
In the present paper we will critically review the stability analysis and demonstrate properties (iii) and (iv) of the dilatonic sphalerons.
The rest of the paper is organized as follows. In the next section we will review dilatonic sphaleron solutions. In section 3 we will show that similarly as for the electroweak sphaleron one can assign a (half-integer) topological charge to the dilatonic sphalerons. In section 4 we will demonstrate existence of the fermion zero modes in the background of the dilatonic sphalerons. In section 5 we will present the stability analysis. Section 6 contains concluding remarks.
Dilatonic Sphalerons
We are interested in YMD theory defined by the action
where F a µν is a SU(2) gauge field strength
ν and a = 1, 2, 3 is SU(2) group index, µ, ν = 0, 1, 2, 3 are space-time indexes.
1 Using scaling properties of the action Eq.(1) one can remove the dependence on the dilatonic 1 Our conventions are as follows:
where i, j = 1, 2, 3 are space indexes.
coupling constant κ and the gauge coupling constant g from S, therefore we may put κ = g = 1 in what follows without restriction.
We are interested in spherically symmetric solutions. For our analysis we will essentially adopt the notations of refs. [12] , [13] . The most general spherically symmetric ansatz for the SU(2) Yang-Mills field W a µ can be written (in the Abelian gauge) as [14] 
This ansatz Eq. (2) is form invariant under gauge transformations around the third isoaxis, with A α transforming as a U(1) gauge field on the reduced space-time (t, r), whereas φ = φ 1 + iφ 2 is a scalar of charge one with the covariant derivative D α φ = ∂ α φ−iA α φ. With respect to this U(1) one may define the 'charge conjugation' φ → φ,
where F αβ denotes the field strength of A α , (α, β = t, r).
Choosing the gauge A 0 = 0 the YMD action Eq.(3) can be written more explicitly
where a prime denotes . It was found [1] , [2] that the YMD theory in the even sector with respect to U(1) charge conjugation,
has a discrete sequence of static solutions. In this sector the ansatz Eq. (2) is equivalent to the usual "monopole" ansatz
with n j = x j /r. The corresponding reduced action is
The resulting field equations are
These equations are invariant under a shift ϕ → ϕ+ϕ 0 accompanied by a simultaneous rescaling r → re ϕ 0 , hence globally regular solutions can be normalized to ϕ(∞) = 0. It was found [1] , [2] that Eqs.(8) have a discrete sequence of finite energy solutions {W n , ϕ n }, where n = 1, 2, 3, ... labels number of zeros of the gauge function W n (r).
The mass of this solution varies from ≈ 0.8 for n = 1 to 1.0 for n → ∞ in natural units 1/κg.
The asymptotic behavior of these solutions for r → 0 is
and for r → ∞ is
The parameters b n , ϕ n (0), c n and d n have to be determined from the numerical calculations.
Note that at infinity r → ∞ these solutions are pure gauges (compare Eq. (6))
for n odd and U = 1 for even n.
Fractional charge
One can assign a fermion (baryon) number to the dilatonic sphaleron exactly in the same way as for the electroweak sphaleron [6] . It comes out to be 1 2 . The argument goes as follows. Because of the ABJ anomaly [10] the fermion current is not conserved at the quantum level
B is related to the topological properties of the gauge field configuration. Integrating Eq.(13) and neglecting a possible (integer) contribution from a baryon current at infinity one obtains
It is well known that FF is a total divergence F a µνF a µν = ∂ µ K µ where
Using this fact one can write
where S ∞ is the sphere at spatial infinity and
is the Chern-Simons number of the field at the time t. Now we can consider a time dependent gauge field starting at t = t 1 at the trivial vacuum (with N CS = 0) and arriving at t = t 2 at the sphaleron configuration. Assuming that Q B (t 1 ) = 0 we obtain
In the radial gauge n i W i = 0 the pure gauge configuration Eqs. (11), (12) , which the sphaleron (with odd n) approaches for r → ∞ is direction dependent. In this gauge Q B picks up its value from the second term in Eq.(18). Since Q B is gauge invariant (up to large gauge transformations) one can choose a more convenient gauge in which the gauge potential W j vanishes faster than 1 r and Q B has no contribution from the second term in Eq.(18). For this purpose one has to apply a gauge transformation Ω, which is regular at the origin r = 0 and removes the direction dependence of W j at infinity. A possible choice for Ω is
where Θ ∈ [0, π]. Under this gauge transformation the gauge configuration Eq.(6) goes to
If Θ → π fast enough for r → ∞ the potential Eq.(20) vanishes faster then 
Thus the solution with odd n have Q = 1 2 and the solutions with even n Q = 0.
Fermion Zero Mode
In this section we will analyse the existence of fermion zero modes in the background of the dilatonic sphalerons. The situation is very similar to the one considered in the paper by Gibbons and Steif [15] , who analysed the same problem for the BMK solutions.
The Dirac equation for the isodoublet fermions in the external gauge field can be written in the form
with
and the matrices α in a chiral representation are
where σ are the usual Pauli spin matrices. We want to show that time-independent Dirac equation
has a normalizable zero energy solution. The scalar product is given by
One can decompose Ψ into its left and right chiral components
From the ansatz Eq.(6) it follows that
Note that the gauge configuration Eq. (6) is invariant under space rotations accompanied by corresponding gauge transformations. This implies that the total angular momentum J = L + S + T , the sum of orbital angular momentum L, spin S = In the s−wave sector (j = m = 0) the most general form of a spherically symmetric wave function contains two radial functions f (r) and g(r) [16] 
where χ 1 is the constant spinor satisfying χ † 1 χ 1 = 1 and the "hedgehog" property
and
ǫ αm α being Lorentz index and m the isospin index.
Using the "hedgehog" property one can check that
Having this in mind we obtain a system of first order equations for the radial functions
These equations can be trivially integrated with the result
where N is a normalization constant. For r → 0 the function f n (r) → N n e −bnr 2 . For r → ∞ a) for odd n f n (r) r→∞ → 1 r 2 and f n is normalizable, b) for even n f n (r) r→∞ → e cn r , hence f n is not normalizable in this case.
Stability analysis
In this section we will consider the question of linear stability of dilatonic sphalerons. In order to analyse stability one has to consider the spectrum of the small (harmonically) time dependent perturbations in the background solution. Perturbations with negative energy (complex frequency) correspond to exponentially growing modes indicating to the instability of the background solution.
We will consider perturbations of the type
Calculation of the quadratic action shows that the (χ, a) sector decouples from the (v, ψ) sector,
where
is the same as in [1] and
with ϕ respectively W the background solutions. The spectrum of the perturbations in the (v, ψ) sector was already analyzed in [1] , [2] . For those solutions, which were analysed numerically, n negative modes for the n th solution were found. Here we will concentrate on the (χ, a) sector. The replacement χ → e −ϕχ , a → e −ϕã brings the action Eq.(37) to the form:
The equation of motion are:
We have performed a numerical analysis of the spectrum for the first few solutions. We find that n th solution has n negative modes also in (χ, a) channel. In the Table we have collected our numerical values for the energies E = ω 2 of the negative modes of the first three solutions.
Tab. Boundstate energies for the n = 1, 2, 3 solutions of the YMD theory, ((χ, a) sector).
Hence altogether we found that the n th solution of the YMD theory has 2n unstable modes with respect to spherically symmetric perturbations similarly as for the BMK solutions [13] .
Concluding Remarks
Static solutions of YMD theory are a kind of sphalerons -dilatonic sphalerons.
In contrast to the electroweak sphaleron in the YMD system one finds solutions with many zeroes of the gauge function.
In conformity with the level crossing picture one finds a normalizable fermion zero mode in the background of these solutions.
These solutions exist in the Einstein-Yang-Mills-dilaton theory as well [17] . Because of the high mass of the solutions the natural situation where they could play a role is in the Early Universe. This question needs further investigation.
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